A vertex-transitive map X is a map on a closed surface on which the automorphism group Aut(X) acts transitively on the set of vertices. If the face-cycles at all the vertices in a map are of same type then the map is called a semi-equivelar map. Clearly, a vertex-transitive map is semi-equivelar. Converse of this is not true in general. In particular, there are semi-equivelar maps on the torus, on the Klein bottle and on the surfaces of Euler characteristics −1 & −2 which are not vertex-transitive. Here we show that there is exactly one semi-equivelar map on S 2 which is not vertextransitive. In particular, we show that a semi-equivelar map on S 2 is the boundary of a Platonic solid, an Archimedean solid, the prism, a drum, an antiprism or the pseudorhombicuboctahedron. As a consequence, we show that every semi-equivelar map on RP 2 are vertex-transitive.
Introduction
By a map we mean a polyhedral map on a surface. So, a face of a map is a n-gon for some n ≥ 3 and two intersecting faces intersect either on a vertex or on an edge. If all the faces of a map are 3-gons then the map is called simplicial. A map X is said to be vertex-transitive if the automorphism group of X acts transitively on the set of vertices of X. In [9] , Lutz found all the (77 in numbers) vertex-transitive simplicial maps with at most 15 vertices.
For a vertex u in a map X, the faces containing u form a cycle (called the face-cycle at u) C u in the dual graph of X. So, C u is of the form (F 1,1 -· · · -F 1,n 1 )-· · · -(F k,1 -· · · -F k,n k )-F 1,1 , where F i, is a p i -gon for 1 ≤ ≤ n i , 1 ≤ i ≤ k, p r = p r+1 for 1 ≤ r ≤ k − 1 and p n = p 1 . A map X is called semi-equivelar if C u and C v are of same type for all u, v ∈ V (X). More precisely, there exist integers p 1 , . . . , p k ≥ 3 and n 1 , . . . , n k ≥ 1, p i = p i+1 (addition in the suffix is modulo k) such that C u is of the form as above for all u ∈ V (X). In such a case, X is called a semi-equivelar map of type [p There are eleven types of semi-equivelar maps on the torus and all these are quotients of Archimedean tilings of the plane ( [4] , [5] ). Among these 11 types, 4 types ( [3 6 ], [6 3 ], [4 4 ], [3 3 , 4 2 ]) of maps are always vertex-transitve and there are infinitely many such examples in each type ( [1] , [4] ). For each of the other seven types, there exists a semi-equivelar map on the torus which is not vertex-transitive ( [4] ). Although, there are vertex-transitive maps of each of these seven types also ( [1] , [10] , [13] ). Similar results are known for Klein bottle ( [1] , [4] , [11] ). If the Euler characteristic χ(M ) of a surface M is negative then the number of semi-equivelar maps on M is finite and at most −84χ(M ) ( [1] ). Nine examples of nonvertex-transitive semi-equivelar maps on the surface of Euler characteristic −1 are known ( [14] ). There are exactly three non veretex-transitive semi-equivelar simplicial maps on the orientable surface of genus 2 ( [6] ).
All vertex-transitive maps on the 2-sphere S 2 are known. These are the boundaries of Platonic & Archimedean solids, the prism and two infinite families ( [1] , [8] ). Other than these there exists a non vertex-transitive semi-equivelar map on S 2 , namely the boundary of pseudorhombicuboctahedron ( [7] , [18] ).
It is known that quotients of ten centrally symmetric vertex-transitive maps on S 2 (namely, the boundaries of icosahedron, dodecahedron and eight Archimedean solids) are all the vertex-transitive maps on the real projective plane
). Here we show that these are also all the semi-equivelar maps on RP 2 . We prove 
Examples
Here are examples of twenty two known 3-polytopes. 
Proofs
Let F 1 -· · · -F m -F 1 be the face-cycle of a vertex u in a map. Then F i ∩F j is either u or an edge through u. Thus the face F i must be of the form u i+1 -u-u i -P i -u i+1 , where
Here addition in the suffix is modulo m. So,
is a cycle and said to be the link-cycle of u. For a simplicial complex, P i = ∅ for all i, and the link-cycle of a vertex is the link of that vertex. A face in a map of the form u 1 -u 2 -· · · -u n -u 1 is also denoted by u 1 u 2 · · · u n . The faces with 3, 4, . . . , 10 vertices are called triangle, square, . . . , decagon respectively.
We need the following technical proposition of [4] to prove Lemma 3.2.
can not be the type of any semi-equivelar map on a surface. (i) There exists i such that n i = 2, p i is odd and p j = p i for all j = i.
(ii) There exists i such that n i = 1, p i is odd, p j = p i for all j = i and p i−1 = p i+1 .
(iii)
There exists i such that n i = 1, p i is odd, p i−1 = p j for all j = i − 1 and p i+1 = p for all = i + 1.
(Here, addition in the subscripts are modulo k.) Proof. Let f 1 , f 2 be the no. of edges and faces of X respectively. Let d be the degree of each vertex. Consider the k-tuple (q 
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3.3: Let q 1 = 3. By Proposition 3.1, (m 1 , . . . , m k ) = (3, 0, 0) or (1, 2, 0).
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If q 2 = 10, then 2 = n(− Proof. If P is the tetrahedron, then K is a 4-vertex triangulation of S 2 and it is trivial to see that K is unique up to isomorphism. If P is the octahedron, then K is a 6-vertex triangulation of S 2 and degree of each vertex is 4. It is easy to see that K is unique up to an isomorphism (cf. [3] ). This also implies that the dual map of K which has 8 vertices and is of type [4 3 ] is unique up to an isomorphism. Hence an 8-vertex map of type [4 3 ] on S 2 is isomorphic to the boundary of the cube.
If P is the icosahedron, then K is a 12-vertex triangulation of S 2 and degree of each vertex is 5. It is more or less known that it is unique up to an isomorphism (cf. [12, Table  8 ], [15, Lemma 1] ). This also implies that the dual map of K which has 20 vertices and is of type [5 3 ] is unique up to an isomorphism. Hence an 20 vertex map of type [5 3 ] on S 2 is isomorphic to the boundary of the dodecahedron.
We need Lemma 3.4 to Lemma 3.9 to prove Lemma 3.11.
Lemma 3.4. Let X be a semi-equivelar map on S 2 of type [p 1 , q 2 ], where q ≥ 6. If α, β are two p-gonal faces of X then there exists at most one edge form α to β.
Proof. Since the degree of each vertex is 3, for each p-gonal face α of X and u ∈ α, there exists unique edge of the form uv where v ∈ α & v is in another p-gon. Consider the graph G whose nodes are p-gonal faces of X. Two such nodes α, β form a link in G if there exists an edge uv in X, where u ∈ α & v ∈ β. It is sufficient to show that G is a simple graph.
Let f 0 (X) = n. The truncation and rectification of polytopes are classically known (cf. [2] ). We are omitting the definitions for the sake of brevity. Proposition 3.5 (Coxeter). The truncation of tetrahedron (respectively, cube, octahedron, dodecahedron, icosahedron, cuboctahedron and icosidodecahedron) gives the truncated tetrahedron (respectively, truncated cube, truncated octahedron, truncated dodecahedron, truncated icosahedron, great rhombicuboctahedron and great rhombicosidodecahedron). The rectification of cube (respectively, dodecahedron, icosidodecahedron and cuboctahedron) gives the cuboctahedron (respectively, icosidodecahedron, small rhombicosidodecahedron and small rhombicuboctahedron).
Here we present some combinatorial versions of truncation and rectification of polytopes. Definition 3.6. Let P be a 3-polytope and T P be the truncation of P . Let X ∼ = ∂P and V (X) = {u 1 , . . . , u n }. Without loss we identify X with ∂P . Consider a new set (of nodes) V := {v ij : u i u j is an edge of X}.
is a graph on X. Clearly, from the construction, (V, E) ∼ = the edge graph of T P . Thus (V, E) gives a map T (X) on S 2 . This map T (X) is said to be the truncation of X.
From Definition 3.6 & the (geometric) construction of truncation of polytopes we get
Lemma 3.7. Let X, T (X) & T P be as in Definition 3.6. Then, T (X) is isomorphic to the boundary of T P . Moreover, if X is semi-equivelar of type [q p ] (resp.,
Proof. Let P, V (X), V, E be as in Definition 3.6. Then, from the definition of truncated polytope & construction in Def. 3.6, T (X) ∼ = ∂(T P ).
Let X be semi-equivelar of [q p ]. From the construction in Def. 3.6, the set of faces of 
is the link-cycle of u i ∈ V (X)}. Thus, the faces through the vertex v ij are the squareũ i , the 2p-gonal faceα and the 2q-gonal faceβ where α is a p-gonal face & β is a q-gonal face in X containing the edge u i u j . Observe that the face-cycle of v ij isũ i -α-β-ũ i . Thus, T (X) is semi-eqivelar and the type is [4 1 , (2p) 1 , (2q) 1 ] .
Definition 3.8. Let P be a polytope and RP be the rectification of P . Let X ∼ = ∂P and V (X) = {u 1 , . . . , u n }. Without loss we identify X with ∂P . Consider the graph (V, E), where V is the edge set E(X) of X and E := {ef : e, f are two adjacent edges in a face of X}. Then (V, E) is a graph on X. From the definition of rectification, it follows that (V, E) ∼ = the edge graph of RP . Thus (V, E) gives a map say R(X) on S 2 , which is said to be the rectification of X.
From Definition 3.8 & the (geometric) construction of rectification of polytopes we get
Lemma 3.9. Let X, R(X) and RP be as in Definition 3.8. Then, R(X) is isomorphic to the boundary of RP . Moreover, if X is semi-equivelar of type
Proof. Let P, V (X), V, E be as in Definition 3.8. Then, from the definition of rectified polytope & construction in Def. 3.8, R(X) ∼ = ∂(RP ).
Let X be semi-equivelar of type [q p ]. From the construction in Def. 3.8, the set of faces of R(X) is {α := e 1 -e 2 -· · · -e q -e 1 : α = (e 1 ∩ e 2 )-· · · -(e q−1 ∩ e q )-(e q ∩ e 1 )-(e 1 ∩ e 2 ) is a face of X} {ũ i :
The faces through the vertex e = u i u j are the two p-gonal facesũ i ,ũ j and the two q-gonal facesα,β where α, β are faces in X containing the edge u i u j . Observe that the face-cycle of e (= u i u j = α ∩ β) isũ i -α-ũ j -β-ũ i . Thus, R(X) is semi-equivelar and the type is [p 1 , q 1 , p 1 , q 1 ].
Let X be semi-equivelar of type [p 1 , q 1 , p 1 , q 1 ]. From Def. 3.8, the set of faces of R(X) is {α := e 1 -· · · -e r -e 1 : α = (e 1 ∩ e 2 )--· · · -(e r−1 ∩ e r )-(e r ∩ e 1 )-(e 1 ∩ e 2 ) is a r-gonal face of X, r = p, q} {ũ i = e 1 -e 2 -e 3 -e 4 -e 1 : u j 1 -P 1 -u j 2 -P 2 -u j 3 -P 3 -u j 4 -P 4 -u j 1 is the link-cycle of u i ∈ V (X) and e = u i u j , 1 ≤ ≤ 4}. The faces through the vertex e = u i u j are the two p-gonal facesũ i &ũ j , the p-gonal faceα and the q-gonal faceβ, where α is a p-gonal face and β is a q-gonal face in X containing the edge u i u j . Observe that the face-cycle of e is u i -α-ũ j -β-ũ i . Thus, R(X) is semi-equivelar and the type is [4 1 , p 1 , 4 1 , q 1 ] . Proof. Since X is a 24-vertex map of type [3 1 , 4 3 ], it follows that X has 8 triangles and 18 squares. Since each vertex of X is in one triangle, no two triangles intersect. Thus, a square meets at most two triangles on edges and hence meets at least two other squares on edges. For 2 ≤ i ≤ 4, a square α in X is said to be of type i if α intersects i other squares on edges. Let s i be the number of squares in X of type i. Consider the set A := {(β, t) : β a square of X, t a triangle of X, β ∩ t is an edge}. Two way counting the cardinality of A gives 2×s 2 +1×s 3 +0×s 4 = 8×3. So, 2s 2 +s 3 = 24. Since X has 18 squares, we have s 2 +s 3 + s 4 = 18. These imply (s 2 , s 3 , s 4 ) = (6, 12, 0), (7, 10, 1) , (8, 8, 2) , (9, 6, 3) , (10, 4, 4) , (11, 2, 5) or (12, 0, 6).
Claim. There exists a square in X of type 4.
If the claim is not true, then (s 2 , s 3 , s 4 ) = (6, 12, 0) . Thus, there are 12 squares of type 3. Each of these 12 type 3 squares meets one triangle on an edge. Since there are 8 triangles, it follows that there is a triangle abc which meets two type 3 squares on edges. Assume with out loss that α := abu 1 u 2 and β := acv 1 v 2 are type 3 squares (see Fig. 4 ).
Since abu 1 u 2 is type 3, u 1 u 2 is in 2 squares, say in α & α 1 . Similarly au 2 is in two square. Clearly, they are α & α 2 := au 2 wv 2 for some vertex w. Then α, α 1 , α 2 are three squares through u 2 and hence the 4 th face through u 2 is a triangle, say t 1 , containing u 2 w. Similarly, there exists a triangle t 2 through v 2 w. Since α 2 = au 2 wv 2 is a face, it follows that u 2 = v 2 and u 2 v 2 a non-edge. These imply t 1 = t 2 are two triangles through w, a contradiction to the fact that each vertex is in one triangle. This proves the claim. Figure 5 Let α = u 1 u 2 u 3 u 4 be a type 4 square. Let the four squares which intersect α on edges be u 1 u 2 u 6 u 5 , u 2 u 3 u 8 u 7 , u 3 u 4 u 10 u 9 & u 1 u 4 u 11 u 12 (see Fig. 5 ). Then u 2 u 6 u 7 , u 3 u 8 u 9 , u 4 u 10 u 11 and u 1 u 5 u 12 must be triangles. If u i = u j for 5 ≤ i = j ≤ 12 then u i is in two triangles, a contradiction. Thus, u 1 , . . . , u 12 are distinct vertices. Consider the graph G 1 whose nodes are the triangles of K. Two nodes z i , z j are join by a link
Since the intersecting triangles in K meet on a vertex and through each vertex there are exactly two triangles, it follows that G 1 is a simple 3-regular graph. Since G 1 can be drawn on ∂P , G 1 gives a map K on S 2 with 8 vertices. The four triangles intersecting a squares of K form a face of K. So, K is of type [4 3 ]. Thus K is the boundary of the cube. Hence, by Lemma 3.9 and Proposition 3.5, R(K) is the boundary of cuboctahedron. Clearly, the operations We say an edge uv in X is nice if at u (respectively, at v) three 3-gons containing u (respectively, v) lie on one side of uv and one lies on the other side of uv. Clearly, at each vertex u, there exists a unique nice edge through u. Thus, the edges form a perfect matching in the edge graph of X. Let X be the map obtained from X by removing all the 12 nice edges. (These makes 24 triangles to 12 squares.) Then X is a 24-vertex map of type [3 1 , 4 3 ]. Let xuyv is a new square in X, where uv is a nice edge in X. Assume that xuv is the unique triangle in X through u on one side of uv. Then ux is in a square α (see Fig. 6 ). This implies the two faces (other than xuv & α) through x are triangles in X. Thus vx is in two triangles in X and hence vx is in a triangle β of X. Similarly uy is in a triangle γ in X. These imply the new square xuyv in X is of type 2 (as in the proof of Lemma 3.10). Therefore, X has at least 12 type 2 squares and hence by the proof of Lemma 3.10, X is the boundary of small rhombicuboctahedron. On the other hand, if Y is the boundary of small rhombicuboctahedron then, as in the proof of Lemma 3.10, Y has twelve type 2 squares. We can divide each of these type 2 squares into two triangles by adding one diagonal in two ways. It is not difficult to see that if we chose one diagonal in one type 2 squares then there exists 11 more diagonals in 11 other type 2 squares so that these 12 new diagonals form a perfect matching. And 
